SYDNEY GRAMMAR SCHOOL

2014 Assessment Examination

FORM VI
MATHEMATICS EXTENSION 2

Thursday 15th May 2014

General Instructions
e Writing time — 1 hour 30 minutes
e Write using black or blue pen.

e Board-approved calculators and tem-
plates may be used.

e A list of standard integrals is provided
at the end of the examination paper.

Total — 55 Marks
e All questions may be attempted.

Section I -~ 7 Marks
e Questions 1-7 are of equal value.

e Record your solutions to the multiple
choice on the sheet provided.

Section II - 48 Marks
e Questions 811 are of equal value.
e All necessary working should be shown.

e Start each question in a new booklet.

Checklist

e SGS booklets — 4 per boy
e Multiple choice answer sheet
e Candidature — 79 boys

Collection

e Write your candidate number on each
booklet and on your multiple choice
answer sheet.

e Hand in the booklets in a single well-
ordered pile.

e Hand in a booklet for each question
in Section II, even if it has not been
attempted.

e If you use a second booklet for a ques-
tion, place it inside the first.

e Place your multiple choice answer
sheet inside the answer booklet for
Question Eight.

e Write your candidate number on this
question paper and submit it with
your answers.

Examiner
RCF
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SECTION I - Multiple Choice

Answers for this section should be recorded on the separate answer sheet
handed out with this examination paper.

QUESTION ONE
The remainder when P(2) = z* — 32% + 52 — i is divided by (z — 2i) is:

(A) 12-3i (B) 12+ (C) 6-—3i (D) 6+

QUESTION TWO

A hyperbola is defined parametrically by the equations z = 3secf and y = tan 6.
Its eccentricity is:

2v3 Vo
3

(A) B) 3 ©) —=— (D) V3

QUESTION THREE

VA

An object moves horizontally with velocity v at time ¢ seconds as shown on the graph
above. At which time does the object first return to its initial position?

(A) 2s (B) 4s (C) 6s (D) 8s

QUESTION FOUR

A particle is moving in simple harmonic motion along a straight line such that
v? = 4(2 + 10z — 2?)

where v is the velocity and x is the displacement. The period T" and centre z( are:
(A) T=mandzy=5 (B) T =27 and 29 = —5
(C) T=mandzy= -5 (D) T=2randx9p=5

Exam continues next page ...
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QUESTION FIVE
. 3z 2y? . .
Given the hyperbola - ~ 3 = 1, the gradient of the normal at the point (1,

33

(A) = B) -2v3
© -2 o) -2

QUESTION SIX

A cannonball is fired on level ground with a given initial velocity. During its subsequent
motion it behaves as a projectile accelerating under gravity but experiencing negligible air
resistance.

Which of the following statements about its subsequent motion is INCORRECT?

(A) At its maximum height the cannonball has velocity equal to the horizontal
component of its initial velocity.
(B) The same range would be achieved using the complementary angle of projection.

(C) When it lands, the cannonball hits the ground with the same speed as it initially
left the cannon.

(D) At its maximum height the cannonball experiences zero acceleration.

QUESTION SEVEN

It is known that the three roots of the cubic equation 2> 4222 +42+8 = 0 form a geometric
progression. The second term in this geometric progression is:

(A) 2 (B) -2 Q) -2 (D) 2

End of Section 1

Exam continues overleaf ...
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SECTION II - Written Response

Answers for this section should be recorded in the booklets provided.

Show all necessary working.

Start a new booklet for each question.

QUESTION EIGHT (12 marks) Use a separate writing booklet.

(a) The equation 2* — 722 + 17z — 15 = 0 has a root 2 + i.
(i) Explain why 2 — i is also a root of the equation.

(ii) Find the third root of the equation.

(b) The ellipse £ has equation 322 + 4y = 12.

(i) Show that the eccentricity of & is 3.

(ii) Find the coordinates of the foci S and 5.
(iii) Find the equations of the two directrices.

(iv) Sketch &, clearly showing its = and y intercepts, foci and directrices.

)
)
)
)

(v) Find the equation of the tangent to £ at the point (1, 3).

(¢) Find the values of k for which the polynomial P(z) = 2* + 42® — 3z + k has a double

Z€ero.

Exam continues next page ...

Marks
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QUESTION NINE (12 marks) Use a separate writing booklet. Marks

(a) Suppose that P(x) = 23 4+ ax?® + bx + 8, where a and b are real.
(i) Show P(4i) = (8 — 16a) + (4b — 64)i

(ii) When P(z) is divided by x* + 16, the remainder is 40 — 11z.
Find the values of a and b.

o] [=]

]

(b) (i) The equation 2® — 4z + 6 = 0 has roots «, # and . Find a polynomial equation
with integer co-efficients that has roots o, 5% and ~2.

]

(ii) Hence, or otherwise, find the value of a2 + 872 4+~ 72,

(c) A truck of mass 2000 kilograms driving along a straight road is propelled by a constant
driving force from the engine of 1250 Newtons and experiences a resistive force of
magnitude 2v? where v metres per second is the truck’s velocity. The truck started
from rest.

625 — v?

1) Show that & —
(i) Show that & 1000

=] [=]

(ii) The truck approaches a maximum speed U. Find the value of U, giving your
answer in metres per second.

U
(iii) Find the distance it has travelled when it reaches a speed of 3" Give your answer

correct to the nearest metre.

Exam continues overleaf ...
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QUESTION TEN (12 marks) Use a separate writing booklet.

=V

(a) The points P(cp, %) and Q(cq, g) are on opposite branches of the rectangular

hyperbola zy = ¢, where ¢ > 0.

(i) Show that the equation of the chord PQ is x + pqy = ¢(p + q).

(ii) The equation of the tangent at P is x + p?y = 2cp. Show that the tangents at
2cpqg 2c )
p+qa ptq)

(iii) The chord PQ passes through the fixed point (0,c). Describe the locus of T,
including any restrictions.

P and @ intersect at the point T (

(b) Let P(z) =32 —10z* + 3 and suppose that w is a root of P(z) = 0.

1
(i) Show that iw and — are also roots of P(z) = 0.
w

(ii) Show that z = v/3 is a root of P(z) = 0.
(iii) Hence find all the roots of P(z) = 0.

Exam continues next page ...
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QUESTION ELEVEN (12 marks) Use a separate writing booklet.

(a) A ball of mass 4 kilograms is thrown vertically upwards from the ground with an initial

speed of 12 metres per second. The ball is subject to a downwards gravitational force
2
v
of magnitude 40 Newtons and air resistance of 5 Newtons in the opposite direction

to the velocity v metres per second.

(i) If we take the origin at ground level and upwards as the positive direction then
the acceleration, until the ball reaches its highest point, is given by

,02

gl
y 20

where y metres is its height. (Do NOT prove this.)

d
(o) Use the fact that §j = vd—v, to show that, while the ball is rising,
Y

_Y
v2 = 344e 10 — 200.

(6) Hence find the maximum height reached in exact form.

(ii) For the subsequent downwards motion, take downwards as the positive direction
and define a new origin at the maximum height.

(o) Find the acceleration for the downwards motion.

(6) Hence find the speed at which the ball returns to the ground. Give your
answer in metres per second, correct to two decimal places.

Exam continues overleaf ...
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QUESTION ELEVEN (Continued)

(b) VA
B o N .
X
0
D~
22 2
The point P(asec,btan ) is a point on the hyperbola — — i 1.
a
The line through P perpendicular to the z-axis meets the asymptotes of the hyperbola
b b
Y= 2% and y = 2 A(asec@,bsec ) and B(asec 6, —bsec ) respectively.
a a
A second line through P, with gradient tan «, meets the hyperbola again at Q and
b
meets the asymptotes at C' and D as shown. The asymptote y = 2% makes a fixed
a
angle # with the positive z-axis at the origin.
(i) Show that AP x PB = b2,
AP
(ii) Use the sine rule in AACP to show that CP = _ﬂ.
sin(a — )
PB
Also show that PD = —— cos .
sin(a + )

(iii) It follows from part (ii) that C'P x PD is independent of . Consequently its
value does not dependent upon the choice of P. Hence deduce that CP = QD.

End of Section 11

END OF EXAMINATION
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The following list of standard integrals may be used:

1
/x"das: "o #£ -1, x£0,iffn<0
n+1

1
/—dx:lnx, x>0

X

a

1
/e”dx:—e”, a#0
1.
/cosaxdx:—81nax, a#0
a
) 1
/Slnaxdx:——cosax, a#0
a
2 1
sec“arxdr = —tanax, a # 0
a

1
/secaxtanaxdx = —secax, a#0
a

1 1 T
/mdl’—atan E,a#O
1 x
— — _dr=sin"'Z, >0, —a<z<a
/\/c12—332 a’ ’

/\/%d{t:ln(x-i- 332—612) :L'>a;>0
2 — a2 ’
1
— 2 2
/ x2+a2d9§—ln<x+ T +a)

NOTE: Inx =log,x, x >0



SYDNEY GRAMMAR SCHOOL
CANDIDATE NUMBER: ...............

Question One

AO BO CO DO

2014 Question Two
Assessment Examination AO BO CO DO
FORM VI -
MATHEMATICS EXTENSION 2 Question Three
Thursday 15th May 2014 AO BO CO DO

Question Four
AO BO CO DO

Question Five

: : AO BO CO DO
Record your multiple choice answers
by filling in the circle corresponding

) ’ Question Six
to your choice for each question.

AO BO CcO DO
Fill in the circle completely. Question Seven

AO BO CO DO
Each question has only one correct
answer.
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